A new sequence of topological terms at any spacetime dimensions 
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Abstract 

We investigate a sequence of quadratic topological terms of the Chern-Simons type in different 
spacetime dimensions, related by dimensional compactification and sharing the properties of topo- 
logical mass generation and statistical transmutation. The implications for bosonization in several 
dimensions are also analyzed. 



1. The Chern-Simons term is usually considered at 
spacetime dimension D — 2 + 1 and is given by (up to a 
mass dimension constant) 111] 



~>cs 



cPxe^'duAvA, 



(1) 



We are going to refer to the Abelian case only. Consider- 
ing that the 0+1 dimensional case is just given by J dt A 
|2| , we may generalize the form of Chern-Simons term for 
any dimensions as 



Scsi = 
ScS2 — 
ScS3 — 
Scs4 = 

ScS5 — 



dxA 



d 2 xe fiU d IJ ,A v 



d 3 xe^Pd^A p 
d^e^d^dpAx 

fd 5 xe^^d^d p A x A v 



(2) 



The case of D=3, given by (|l|), however, is special for 
many reasons. Firstly, it is the only one that is quadratic 
in A p (note that in D=4 and actually in any even di- 
mension it is a total derivative and, therefore, classically 
trivial). In this sense, D=3 is the only case where it can 
be used alone as a "kinetic" term for A^. Secondly, it is 
well-known that in this case it produces a change in the 



statistics of the particles that couple to A^ 



Another 



feature of Scs3 is that, if we consider it together with a 
Maxwell term, it generates a mass for A^, the so called 
topological mass generation. 

In view of the special characteristics of Scs3 and the 
fact that the number of gauge fields is not the same for 
all D we also conclude that these terms cannot be linked 



each other by any kind of dimensional compactification. 
It would be very interesting, on the other hand, to be 
able to generate a whole sequence of topological terms 
by dimensional reduction. For this purpose, we consider 
the possibility of constructing topological terms involving 
gauge fields of different ranks. These terms are not nec- 
essarily trivial for even spacetime dimensions. In fact, for 
D = 4, Cremer and J. Scherk H] introduced the following 
term, 



S 4 = fd 4 xe^P x d p A„B pX 



(3) 



where B^ is the antisymmetric Kalb-Ramon field || 
whose gauge transformation is expressed in terms of a 
vector parameter £ M as 



5B pv = 9 M £„ - d^ 



(4) 



This term can be associated to a mechanism of mass gen- 



eration for the gauge fields Ay, or B pv 



Indeed, con- 



sidering (y) together with Maxwell terms for Ay and B pv , 
namely 



S = 



M 



1 



■^ Hl, n - — e» upX A„d„B n)i - - F, 



12 



P-vp 



^u D p\ 



flV 



we get 



S eff[Ay 



</>/>,. ( 1 + ^1 F'" 



or 



S eff [B^] = -LJd i xHy lJp (l + ^pj H>»»> 



(5) 



(6) 



(7) 



respectively, upon integration over By V or Ay. It is op- 
portune to mention that its non- Abelian version J7J can 



also be used as an alternative mechanism of mass genera- 
tion for the gauge fields in the electroweak theory without 
Higgs bosons f|. 

The topological term given by ([|) presents the three 
features closely related to the ones of (fy) . It is quadratic 
in the fields, it generates a mass for these fields and it 
is also related to the change of statistics of extended ob- 
jects, namely, strings, in D = 3 + 1 |J. It is, therefore, 
natural, attempting to find another sequence of terms 
containing (fy) and (ra), and presenting the common fea- 
ture of being quadratic. We are going to see that some 
other features are also shared. 



2. The motivation of the present paper is to make a 
general study of a new sequence for topological terms, by 
considering that these terms always have two fields (with 
the same rank or not). Since even dimensional terms are 
not necessarily zero, our guide will be that a term from 
a dimension D can be obtained from compactification of 
a term higher than D. The only natural constraint we 
impose is that the usual Chern-Simons term in D = 2 + 1 
takes part in the sequence. 

In order to have a better comprehension of the prob- 
lem, let us start from a specific spacetime dimension, 
say D = 5. At first sight, the corresponding Chern- 
Simons term could be written by means of two gauge 
fields of rank two, i.e. / d h xe* J,vpX ' n dpB V pB\ n . However, 
this term corresponds to a total derivative and conse- 
quently is not a good candidate for a Chern-Simons at 
spacetime dimension D — 5. The next one to play this 
role is formed by a totally antisymmetric gauge field of 
rank three and a vector field, namely 



where e pvpX — e ip,vpx . We next take the (Fourier) expan- 



Sr-, 



d xe (J^AyL^px^ 



(8) 



The gauge transformation for the rank three gauge field 



Gp Vp should be 



o^pvp — OpQvp + UpQpv + t) u Qp 



(9) 



where (^j, is an antisymmetric gauge parameter. 

The consistency of the term given by rtq) can be verified 
by performing the compactification of one space dimen- 
sion and see if the Chern-Simons term at D = 4, given by 
(||), is obtained. We use the spontaneous compactifica- 
tion procedure E3]. Let us compactify the coordinate a; 4 . 
Using a more convenient notation, where capital Roman 
indices correspond to the spacetime dimension D = 5, 
we have 

Jd 5 xe MNp Q R d M A N C PQR 

= e pvpx J d 4 x J dx* (diApCvpx 

+ d x A±Cp Vp + 3 dpApCpxA (10) 



sions: 



1 °° 4 

A fl (x,x A ) = —= Y^ A (n) p(x) exp{2imr—J 

* n— — oo 

i °° 4 

Ai(x,x 4 ) = — = Y <f>(n)( x ) exp\2imr—J 

* n— — oo 

i °° 4 

C lwp {x,x i ) = -j= Y C (n)^ P {x) exp{2inir— 



n— — oo 

OO 



Cp Vi {x.x A ) = —= Y B (n)^{x) exp\2imr—) (11) 



n— — oo 



Since all fields in (fl(]) are assumed to be real, we must 
have A* {n)ii = A ( _„ )m , cj)* {n) = <j>(- n ), and so on. 

Considering similar expansions for the parameters re- 
lated to the gauge transformations of Am and Cmnp 

oo 4 

a(x,x 4 ) = — ^2 a in) (x) exp\2imr— J 

* n— — oo 

1 °° 4 

(mn{x,x 4 ) = —= Y C(n)MN(x) exp\2im:—j (12) 

* n— — oo 

we obtain the following gauge transformations for the 
mode expansions that appear in (|ll|) 



SA {n) p(x) = d )t a( n )(x) 

xj. i \ 2in7T i \ 



(13) 
(14) 



5C( n )p Up {x) = dp(( n )„p(x) +d p C(n)nv( x ) 

+ dv(( n ) p ^(x) (15) 

$B (n) p U (x) = dpl (n) „(x) - d v £, (n)ll {x) 

limx .. , x ,.,„, 

+ — H-C(n)^W ( 16 ) 



where 



£,(n)fi(x) = C(n)ni( x ) 



(17) 



Comparing (f|) and (|16|), we observe that just B(a)p V 
can be identified with B^ where one takes £(o)/j = £/j- 



Let us now insert the expansions given by ( |11[ ) into 
@. The final result is 



d 5 xe MNP Q R d A c 



M^N^PQR 
oo 



e 2.^ d X \^j^ A (n)^{n)vpX 

n— — oo 

+ d\<t>(n)C(n)nv P + 3 d U A (n) V B*n)p\) ( 18 ) 



Since B^) pu can be identified with the tensor gauge field 
B pv and there is no problem in identifying Am)^ with A p , 
the Cremer and Scherk topological term given b y (pf ) is 
actually present in the compactificd expression (|lq) for 
n = 0. Further, there is another kind of topological term 
that can also be identified in (|l|) for n = 0, involving a 
real scalar field and a three-form gauge field, namely 



and 



S' A = d A xe^P x d^C vp x v 



(19) 



where 4> — '/'(o)- I n fact, we could also have written a 
term like this in D = 5, involving a scalar and a four- 
form gauge field, 



^5 — 



AINPQR 



Om^Dnpqr 



(20) 



It is not difficult to see that the spontaneous compacti- 
fication of this term also leads to S' A given by ([19]), but 
not to (|). 



3. We now proceed in a similar way and go to lower 
dimensions. Having the same care in identifying vector, 
tensor and scalar fields for n = 0, we get from D = 4 to 
D = 3 the usual Chern-Simons terms given by (fil) and 
also another one involving a scalar field, 



S' 3 = 



d 3 x 



'd„6B 



fXU 



(21) 



This term can be reached by compactification of both S A 
and 5*4, and has also been considered in a recent litera- 
ture [jllj . It is easily seen that topological terms involving 
scalar field is a kind of residual Chern-Simons term that 
appears at any spacetime dimensions. However, in D = 2 
and D = 1 these terms are the only ones that remain. 
Indeed, 



d 2 xe^d p A u , 



Si = dx<frip 



(22) 



(23) 



In the obtainment of (E3J), the two different scalar fields 
come from ^4(o)i and </>(o). 

The term (gl|) also has been shown to produce a mass 
generation for the corresponding fields UM. For the one 
given by ( |22| ) and considering the kinetic terms for </> and 
A w , we have 



5' 



d 2 x 



-{d^f-Me^A,dA- 



4 » v 



(24) 



After integrating over <\> and A Vl we respectively obtain 



S eff[A^ 



1 



d 2 xF pv 1 



M2 



pin- 



(25) 



S eff[4>] 



d 2 x 



kd^r- 1 -^- 2 



M 2 

T 



(26) 



and we, once again, identify the mass generation mecha- 
nism. A similar procedure also happens to (p3|). 



We observe that the topological term in D = 1 does 
not match the corresponding one of the sequence given 
by (0). Even though that term appears naturally in the 
framework of quantum field theory, in the sense that it 
can be generated by quantum corrections of fermionic 
loops g], the Scsi term is not related to mass genera- 
tion. This property on the other hand is fulfilled by the 
term given by (|23|). Concerning the quantum generation 
for the terms of the sequence we are studying, we remark 
that they are also consistent from the quantum point of 
view. What happens is that they emerge in an almost 
trivial way. For example, for the term given by (ph, the 
t ii,vp\ Censor appears directly from the interaction ver- 
tices involving fermion and tensor fields, while the usual 
Chern-Simons term in D = 3 comes from the trace of 
gamma matrices in a one-loop calculation. 



4. In the previous section we have considered topologi- 
cal terms by making spontaneous compactification start- 
ing from D = 5. From the results we have by now, it 
is feasible to infer those terms for spacetime dimensions 
higher than five. For example, at D = 6 these terms are 



S 6 = j (fxe^P^d^EvpXr,,: 

S' 6 = Jd 6 xe^ x ^d^D p ^ 
S£= [d 6 xe^ x ^d^B up C X7li 



(27) 



Let us also write down the terms for D = 7 

S 7 = Jd 7 xe^P x ^d^F upX , ia 

S' 7 = J d 7 x e^P x ^ d^A v E pX71 ^ 

S!f = J d 7 x e^? x ^ d„B vp D x , liC 

S'f = J d 7 x e^ A "« d„C vpX C^ 



(28) 



and it is not difficult to infer the general case. We observe 
that the number of terms increases with the spacetime di- 
mension. There is just one term for D = 1 and D = 2. 
For D = 3, 4, 5 there are two terms. In fact, there would 
be three terms for D = 5, but one of them, involving two 
fields of rank two, is a total derivative. The same does 



not occur for example for D = 7, where the correspond- 
ing term involving two gauge fields of rank three is not 
a total derivative. This just occurs when the two equal 
gauge fields have even rank. 

The number of topological terms for a specific dimen- 
sion D is D/2 for D even. In the case of odd D we have 
that the number is D/2 — 1/2 if the term with two equal 
gauge fields is a total derivative and D/2 + 1/2 when it 
is not. 

An important point to be emphasized is that even 
though the number of topological terms increases with 
-D, there is one term at each specific spacetime dimen- 
sion that is more important than the others in the sense 
that it generates all the other terms for lower dimensions. 
It is not difficult to identity these terms. For example, at 
D = 5 this term is S 5 , in D = 6, S£, and in D = 7, Si} 
(notice that it is not S"' because it would not generate 
Si). 



In what follows, we analyze physical properties of some 
of the topological terms in the sequence, as far as statis- 
tical transmutation and bosonization are concerned. 



5. Some of the topological terms generated in the se- 
quence studied in this paper play an important role in 
connection to the statistical transmutation of different 
objects. In the case of D — 3, let us consider the cou- 
pling of a point-particle, associated to a current density 



j M , to the topological field: 



C 3 = -e^A^d a A f3 -,fA, 



In this equation, 



= J d^S 3 (x - 



(29) 



(30) 



where L is the universe-line of the particle. The 0- 
componcnt of the field equation associated to expression 
(p0|), for a static point-particle is 



3° = 5 2 {x- So) = ee ij diAj =6B 



(31) 



where B = e^diAj is the magnetic field, which is a scalar 
in D=3. We see that the topological term imparts a point 
magnetic flux to any point particle that couples to the A^ 
field. This fact is responsible for the change in the statis- 
tics of the particle since, through an Aharonov-Bohm 
type effect, its wave function will acquire a phase when 
interchanged with another particle 

Let us consider now the case of a string in D = 4. This 
is associated to the 2-tensor current density given by 



where S is the universe-sheet of the string. The coupling 
of the string with the topological term S4 is given by 



C 4 



0e^ ap A^d v B aP 






(33) 



The (0«)-component of the field equation associated 
with the Lagrangian density (|33|), corresponding to a 
static string along the spatial curve T, is 



J 



dCS 3 (x~C) =0B l 



(34) 



where B % = e^ k djAk is the magnetic field. For a straight 
string along the cc 3 -direction, piercing the (12)-plane at 
xq, for instance, we have OB 3 — 8 2 (x — xq). 

We see that the topological term produces a constant 
magnetic field along the string. It is not difficult to in- 
fer that charged strings in the presence of the topological 
term S4, will suffer a statistical transmutation determined 
by 9, again as a consequence of an Aharonov-Bohm like 
effect. This fact has been already identified before || in a 
different framework. Nevertheless, it becomes especially 
transparent here and can be unified with what happens 
in other dimensions as well. 

Consider now the case of membranes in D = 5. The 
current density associated to a membrane is the 3-tensor 



Jv 



(35) 



where V is the universe-volume of the membrane. The 
membrane couples to the topological term 65, Eq. (||), 
in the following way: 

£ 5 = 9e^ a ^ A^C aPl - r a C^ a (36) 

The (Or/)-component of the field equation associated 
to (pq) and corresponding to a static membrane along 
the spatial surface E is 



J 



Oij _ 



= I d 1 C 3 5 A {x-i)=eB i: > 

s 



(37) 



where _B y = e i: > kl dkAi is the magnetic field, which in 
D = 5 is a 2-tensor. We see that the topological term 
S5 attaches a constant magnetic field along a membrane 
that couples to it through the vector field A^ in D = 5. 
We may immediately conclude that, in analogy to what 
happens in D = 3 and D = 4, a charged membrane in the 
presence of the topological term S$ will undergo statisti- 
cal transmutation determined by the parameter 9. This 
fact can certainly be also inferred through a study of the 
membrane propagator or by the membrane creation oper- 
ator formalism, as has been done for the string in D = 4 
Q. We are presently investigating this point. 



dV 



'5\x - 



(32) 



6. Another important feature associated with the se- 
quence of topological terms in an arbitrary dimension 



is bosonization. In this case the basic starting point is 
D = 2. Consider a point particle associated to a cur- 
rent density jj\ which couples to the topological term 
S2, given by d22), as follows 



C 2 = 6e fil, AM-fA fJ 



(38) 



The 0-component of the field equation obtained by 
varying (|3§|) with respect to A^, for a static point particle 
in position xq is 



j° = 5(x - x Q ) = 9d x 4> 



(39) 



This implies that corresponding to the point particle de- 
scribed by the current j^, we have a solution for the field 
<f> given by 



<j>a(x) = 60(x-x o ) 



(40) 



where 9(x — xq) is the step function. This is a soliton 
profile and we are led to infer that corresponding to the 
particles associated with the current j M , we will have soli- 
ton excitations of the </>-field, associated to the identically 
conserved current J M = e^d^cj). This fact is at the very 
basis of the process of bosonization, whenever j^ is a 
fermionic current. The fermionic particles are identified 
with the soliton excitations of the associated bosonic the- 
ory||. 

The previous observation allows us to look at the pos- 
sibility of bosonization in dimensions higher than D = 2 
and its possible connection with the topological terms 
studied here. Indeed, from (|3l| ) we see that correspond- 
ing to a point particle associated to a current j^, mini- 
mally coupled to a Chern-Simons field in D = 3, we will 
have a magnetic vortex solution for the ^-field at the 
same point. These vortex configurations, however, are 
topological solitons corresponding to the identically con- 
served current J M = e^ va d v A a . Once more we see that 
bosonization may be achieved by identifying the fermions 
associated to a current j^ with magnetic vortices in the 
corresponding bosonic vector gauge field theory. This 
has actually been pursued in the case of a free massless 
Dirac fermion |1J] but still there is a vast area to explore 
in bosonization in D = 3. 

Some conclusions can also be drawn by extending the 
present analysis for D = 4. Coupling a fermionic vec- 
tor current to the vector field of the topological term S4, 
namely 



C' 4 = 6e' iV ^A fi d v B a0 -^A fi 



We see that the field equation obtained by varying with 
respect to A M is 



For a static point particle at xq, we have 

j°=S 3 (x-x ) = ee i ' k d i B jk (43) 

We see that the point fermionic particle may be 
identified with a configuration of the bosonic Kalb- 
Ramond field B a p with a nonzero topological charge cor- 
responding to the identically conserved current J M — 
e tiva/3 Q v B a p This observation should be at the basis 
of any attempt to extend bosonization to D = 4. 
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